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We consider a general quantum system interacting with a bath and derive a master equation in the
Lindblad form describing the evolution of the whole quantum system subjected to a measurement-
based direct quantum feedback control (MDFC). As an example, we consider a qubit coupled with a
dephasing environment under the MDFC. We show that for any given pure target state we can always
find the corresponding MDFC scheme which can effectively drive any initial state into this target
state. And by using appropriate MDFC scheme with weak measurement we can stabilize a single
qubit initially prepared in one of two nonorthogonal states against dephasing noise. Furthermore,
we can effectively protect a kind of known mixed states composed of two nonorthogonal states by
using the corresponding MDFC scheme.
PACS numbers: 03.67.Pp, 03.65.Ta, 02.30.Yy
I. INTRODUCTION
Quantum information processing tasks often require
pure states as a resource [1], but due to the inevitable
interaction between a quantum system and its surround-
ing environment, decoherence will happen which might
transform an initial pure state into a statistical mix-
ture. Because decoherence is the main obstacle for re-
alizing quantum information tasks, fighting against it
has become a major challenge. Advanced schemes have
been proposed to reduce or inhibit decoherence in quan-
tum system, such as quantum error correction [2–4],
decoherence-free subspace (DFS) [5–8], dynamical decou-
pling (DD) [9–12], engineering reservoir [13], quantum
feedback control [14–18], etc. In practice, how to drive
an open system from an arbitrary initial pure or mixed
state to a given pure state is very essential. Usually one
begins an experiment with an unknown state, and then
prepares it into a known state, called input state. Most
experiments, including quantum-process-tomography ex-
periments, require a method to prepare initial states of
the system at the beginning of the experiments [19–24].
After preparation of the pure states, keeping high quality
of quantum information for a long time is also crucial for
quantum information processing.
As we know steering the dynamics of quantum system
by means of external controls is the central goal in many
areas of quantum physics, especially in quantum infor-
mation processing. Recent experimental advances have
enabled individual system to be monitored and manipu-
lated at quantum level in real time [25–30], which makes
quantum control more and more practical and realizable.
Among different quantum control schemes quantum feed-
back control is widely studied, that is based on feeding
back the measurement results to alter the future dy-
namics of quantum systems and can be used to improve
the stability and robustness of the system. The general
∗Electronic address: zoujian@bit.edu.cn
framework of quantum feedback control was introduced
by Wiseman and Milburn [14, 15] leading to relevant ex-
perimental achievements [31–33]. In this framework, the
feedback loops in which the measured photocurrent di-
rectly modulating the system Hamiltonian are adopted.
The advantage of Wiseman-Milburn quantum feedback
theory is that it is very easy to consider the limit of
Markovian (i.e., instantaneous) feedback and a master
equation of the system can be obtained [14, 15]. An-
other feedback scheme is Bayesian, or state estimation
quantum feedback [18]. It can result in an improvement
over the direct feedback scheme but comes at the cost
of an increasing complexity in experimental implemen-
tation due to the need for a real-time estimation of the
quantum state. Despite being simpler to implement, di-
rect feedback still exhibits a multitude of possibilities due
to the arbitrariness of choices for control Hamiltonian
and measurement scheme. Recently it has been shown
that a direct feedback scheme based on continuous mon-
itoring of quantum jumps, together with an appropriate
choice of feedback Hamiltonian, can lead to an improve-
ment in amount and robustness of the steady-state en-
tanglement for two driven and collectively damped qubits
[16]. And it has been also shown that the jump-based
feedback strategy outperforms that based on homodyne
measurement [17]. It is noted that most recently the
measurement-based quantum feedback for an ensemble
of ytterbium(171Yb) atoms has been experimentally im-
plemented [34], and it was shown that the measurement-
based quantum feedback could successfully realize the
unconditional quantum-noise suppression.
Information gain and disturbance in quantum systems
are always antagonistic in quantum theory, and it is ar-
gued that a better feedback control scheme should reach
a trade-off between them. A recently proposed feedback
control scheme has introduced weak measurement in the
case of pure dephasing noise [35]. In Ref. [35], a qubit
prepared in one of two nonorthogonal states and subse-
quently subjected to dephasing noise was discussed, and
it was found that a quantum control scheme based on a
nonprojective measurement with an optimum measure-
2ment strength could realize the optimal recovery from
noise. These states are interesting because due to their
nonorthogonality, people think that it is impossible to de-
sign a control procedure that can perfectly discriminate
the input state [36] and subsequently control the resulting
input against noise. And then it was explored from the
experimental point of view to stabilize this nonorthogo-
nal states against dephasing by using weak measurement-
based feedback control [37]. Later it has been shown
that this scheme of feedback control based on weak mea-
surement is sensitive to the system state but, for some
suitable states, this scheme works well for four types of
typical noise sources (bit-flip noise, amplitude-damping
noise, phase-damping noise and depolarizing noise) [38].
Moreover, extended techniques for protecting more gen-
eral nonorthogonal states were presented in Ref. [39]. It
is worth noting that in all the above approaches, they
used the Kraus operators to stand for noise and the feed-
back control was described by a control map.
In this paper we consider a general quantum system
interacting with a bath and derive a master equation in
the Lindblad form describing the evolution of the open
quantum system subjected to a measurement-based di-
rect quantum feedback control (MDFC). And as an ap-
plication of our general master equation, in this paper we
consider a two-level quantum system interacting with a
bath of harmonic oscillators which emulates a dephas-
ing environment. Different quantum feedback control
schemes strongly depend on the measuring schemes. Be-
ing different from Refs. [16, 17] in which the measure-
ment is applied to the environment (more specifically
continuously monitoring the environment to observe if
it absorbs a photon or not), we consider that the mea-
surement is applied to the open system, that is described
by a positive operator-valued measure (POVM). Based
on superoperator algebra and Nakajima-Zwanzig projec-
tors [40, 41], we solve the master equation numerically.
It is found that by using proper MDFC scheme we can
effectively drive any initial pure or mixed state into an
arbitrary given target pure state. Moreover, we find that
the optimal feedback with weak measurement is more
effective to protect the system prepared in one of two
nonorthogonal states against decoherence than the one
with projective measurement or do-nothing, that is con-
sistent with the results of Refs. [35, 37]. Finally, we find
an effective MDFC scheme to protect a kind of known
mixed states composed of two nonorthogonal states.
The paper is organized as follows: In Sec. II, we
derive a general master equation in the Lindblad form
describing an open quantum system interacting with a
bath under the MDFC. In Sec. III, we consider a qubit
coupled with a dephasing environment under the MDFC
and briefly show how to solve the corresponding mas-
ter equation. In Sec. IV, we show that by using ap-
propriate MDFC shemes we can drive any initial state
into an arbitrary given pure state. In Sec. V, we dis-
cuss the effect of the MDFC scheme with weak measure-
ment to protect the initial state of the qubit prepared
in one of two nonorthogonal states. By using appropri-
ate MDFC scheme we demonstrate that a kind of known
mixed states composed of two nonorthogonal states can
be protected in Sec. VI. Summary and discussion are
given in Sec. VII.
II. DERIVATION OF A GENERAL
MEASUREMENT-BASED DIRECT FEEDBACK
CONTROL MASTER EQUATION
In this section, we will derive a master equation de-
scribing a quantum system interacting with a bath un-
der the MDFC. We suppose that the Hamiltonian of the
system is HˆS , and the Hamiltonian of the environment
is HˆB . The interaction between the system and its envi-
ronment is described by
HˆSB =
∑
k
SˆkBˆk, (1)
and for each index k, Sˆk operates only on the system S
and Bˆk only on the environmentB. The form of the inter-
action Eq. (1) is general enough, for both amplitude and
phase damping models [42]. We choose to treat the en-
vironment and the interaction between the open system
and the environment as parts of the total Hamiltonian
Hˆ ,
Hˆ = HˆS + HˆB + HˆSB. (2)
In this paper we choose the POVM measurement, that
is described by a set of measurement operators {Mˆj}
satisfying the completeness condition
∑
j Mˆ
†
j Mˆj = Iˆ.
We suppose that the measurements take place instan-
taneously and randomly in time, but at an average rate
R. After each measurement, we subsequently perform an
instantaneous feedback unitary rotation Fˆj based on the
measurement result. Both the measurement and feed-
back control act only on the system. We consider a short
time interval△t, during which the probability that a sin-
gle measurement as well as the corresponding feedback
will occur is R△ t, and we suppose that the time inter-
val of two sequential measurements or feedbacks is short
enough so that the possibility that two or more measure-
ments and feedbacks occur can be neglected [43].
The average evolution of the whole system (the
open system and the bath) results from adding
both the measurement-based feedback and the normal
Schro¨dinger evolution, weighted by their probability of
occurrence, to the lowest order in △t, is
ρˆSB(t+△t) =(1−R△t)ρˆSB(t)− i
~
[Hˆ, ρˆSB(t)]△t
+R△t
∑
j
(FˆjMˆj)ρˆSB(t)(FˆjMˆj)
†.
(3)
3Taking the limit △t → 0, we obtain the MDFC master
equation
ρ˙SB(t) =− i
~
[Hˆ, ρˆSB(t)]
+ R[
∑
j
(FˆjMˆj)ρˆSB(t)(FˆjMˆj)
† − ρˆSB(t)].
(4)
This equation, which is clearly of the Lindblad form, can
also be expressed as:
d
dt
ρˆSB(t) =− i
~
[Hˆ, ρˆSB(t)] +
∑
j
(Lˆ
(S)
j ρˆSB(t)Lˆ
(S)†
j
− 1
2
{Lˆ(S)†j Lˆ(S)j , ρˆSB(t)}),
(5)
with Lˆ
(S)
j =
√
RFˆjMˆj. The first term on the right-hand
side acting on ρˆSB(t) is the Liouvillian superoperator,
which accounts for the unitary portion of the propaga-
tion, while the second term, the Lindbladian superoper-
ator, represents the measurement-based direct feedback
dynamics that acts only on the system. It is noted that
our approach is different from that in Refs. [35, 37–39],
where they used the Kraus operator to stand for noise
and the feedback scheme was described by a control map.
Here, we treat the environment and the interaction be-
tween the system and the environment as parts of the
total Hamiltonian, and Eq. (5) is the time evolution of
the density matrix of the whole system including the open
system and the bath under the MDFC.
III. THE MODEL AND SOLUTION
In this and the following sections, we consider a two-
level quantum system interacting with a bath of har-
monic oscillators
HˆS = ~ω0σˆz,
HˆB = ~
∑
k
ωk bˆ
†
kbˆk,
(6)
and phase-damping interaction [42], that is
Sˆk = ~σˆz ,
Bˆk = gkbˆ
†
k + g
∗
k bˆk,
(7)
where ω0 and ωk are real constants, bˆk and bˆ
†
k are the an-
nihilation and creation bath operators, respectively, and
gk is a complex coefficient. Let us define the operator:
Bˆ ≡
∑
k
Bˆk =
∑
k
(gkbˆ
†
k + g
∗
k bˆk), (8)
and therefore, the interaction can be simplified as:
HˆSB = ~σˆzBˆ. (9)
We suppose that the initial state of the whole system is
a product state, i.e., ρˆSB(0) ≡ ρˆS(0) ⊗ ρˆB(0), and the
initial state of the environment is given by
ρˆB(0) =
1
ZB
∏
k
e−~βωkbˆ
†
k
bˆk ,
ZB =
∏
l
1
1− e−~βωl ,
(10)
where β = (kT )−1 represents the inverse temperature of
the bath.
We are interested in the evolution of the system whose
density matrix is given by the partial trace over the en-
vironment,
ρˆS = TrB{ρˆSB}. (11)
It should be noted that the MDFC master equation Eq.
(5) is valid for both strong and weak interaction between
the system and the environment. In the following, we
will use the approximate method presented in Ref. [44]
to solve the master equation (5) and to obtain the den-
sity matrix of the open system. This method has been
proved to be valid by exact numerical calculations based
on the superoperator-splitting method [45] for weak cou-
pling between the system and its environment. So in this
paper we only consider the weak interaction between the
system and the environment, and for convenience let us
first review the method below.
For any density matrix Xˆ, let us define the superoper-
ators
ˆˆ
B and
ˆˆ
S acting on the environment and the system,
respectively,
ˆˆ
BXˆ ≡ − i
~
[HˆB, Xˆ ],
ˆˆ
SXˆ ≡ − i
~
[HˆS , Xˆ] +
∑
j
(
Lˆ
(S)
j XˆLˆ
(S)†
j −
1
2
{Lˆ(S)†j Lˆ(S)j , Xˆ}
)
,
(12)
and the interaction superoperator
ˆˆ
F , acting on both
Hilbert spaces,
ˆˆ
FXˆ ≡ − i
~
[HˆSB , Xˆ]. (13)
In order to solve Eq. (5), we can use the Nakajima-
Zwanzig projector superoperator
ˆˆ
P , defined as
ˆˆ
PXˆ(t) ≡ ρˆB(t0)⊗ TrBXˆ(t), (14)
to obtain the hybrid master equation,
d
dt
[
ˆˆ
Pαˆ(t)] =
∫ t
0
dt′[ ˆˆP ˆˆG(t) ˆˆG(t′) ˆˆPαˆ(t)], (15)
where
αˆ(t) = e−
ˆˆ
St− ˆˆBtρˆSB(t), (16)
4and
ˆˆ
G(t) = e−
ˆˆ
St− ˆˆBt ˆˆFe
ˆˆ
St+
ˆˆ
Bt. (17)
According to Eq. (16), once αˆ(t) is calculated, ρˆS(t) can
be found by the action of e
ˆˆ
St on the reduced αˆ(t), that
is
ρˆS(t) = e
ˆˆ
StTrB{αˆ(t)}. (18)
The quantity
ˆˆ
Pαˆ(t) appears on both sides of Eq. (15)
and we can simplify it into
ˆˆ
Pαˆ(t) = e−
ˆˆ
StρˆS(t)ρˆB . (19)
Then we define the operator:
Rˆ(t) ≡ e− ˆˆStρˆS(t), (20)
and obtain
ˆˆ
Pαˆ(t) = Rˆ(t)ρˆB. (21)
From Eq. (21), we rewrite
ˆˆ
Pαˆ(t) in Eq. (15) as Rˆ(t)ρˆB ,
and Eq. (15) can be written as [44]
d
dt
[Rˆ(t)ρˆB] =
∫ t
0
dt′
∫ ∞
0
dωJ(ω)
{
coth
(
~βω
2
)
cos[ω(t− t′)] + i sin[ω(t− t′)]
}
⊗ ρˆB
×
[
e−
ˆˆ
Stσˆz(e
ˆˆ
S(t−t′){[e ˆˆSt′Rˆ(t)]σˆz})− e−
ˆˆ
St(e
ˆˆ
S(t−t′){[e ˆˆSt′Rˆ(t)]σˆz})σˆz
]
+
∫ t
0
dt′
∫ ∞
0
dωJ(ω)
{
coth
(
~βω
2
)
cos[ω(t− t′)]− i sin[ω(t− t′)]
}
⊗ ρˆB
×
[
e−
ˆˆ
St(e
ˆˆ
S(t−t′){σˆz[e
ˆˆ
St′Rˆ(t)]})σˆz − e−
ˆˆ
Stσˆz(e
ˆˆ
S(t−t′){σˆz[e
ˆˆ
St′Rˆ(t)]})
]
,
(22)
where J(ω) is the spectral density of the bath,
J(ω) =
∑
l
|gl|2δ(ω − ωl). (23)
In this paper, we consider the Ohmic spectral distribu-
tion,
J(ω) = αωe−
ω
ωc , (24)
where α ≥ 0 is a constant representing the intensity of
the coupling between the system and its environment,
and ωc ≥ 0 is the cutoff frequency. Then we apply e
ˆˆ
St
to Rˆ(t) and obtain the reduced density operator of the
system,
ρˆS(t) = e
ˆˆ
StRˆ(t). (25)
IV. PREPARING AN ARBITRARY GIVEN
STATE
There is a great deal of literature regarding state
preparation, however, many discussions focus on prepar-
ing specific states, e.g., squeezed states, entangled states,
etc. In this section, we will show that we can prepare
an arbitrary given pure state from any initial state by
using appropriate MDFC scheme. Without losing gen-
erality, we suppose that the arbitrary target state is
|ψ〉target = cos η2 |0〉 + eiζ sin η2 |1〉 where η ∈ [0, pi] and
ζ ∈ [0, 2pi]. We choose the projective measurements
Mˆ+ = |0〉〈0| and Mˆ− = |1〉〈1|. Based on the measure-
ment outcomes “±”, we perform specific correcting rota-
tions. If the outcome is “+”, the corresponding feedback
rotation Fˆ+ is:
Fˆ+ =exp(−iζ σˆz
2
) exp(−iη σˆy
2
)
=
(
e−iζ/2 cos η2 −e−iζ/2 sin η2
eiζ/2 sin η2 e
iζ/2 cos η2
)
,
(26)
and if “−”, the corresponding Fˆ− is:
Fˆ− =exp(−iζ σˆz
2
) exp(−i(η − pi) σˆy
2
)
=
(
e−iζ/2 sin η2 e
−iζ/2 cos η2
−eiζ/2 cos η2 eiζ/2 sin η2
)
,
(27)
where σˆy and σˆz are the usual Pauli operators. From
Eqs. (26, 27) we can see that Fˆ+ (or Fˆ−) corresponds
to rotating around the y axis of the Bloch sphere with
rotation angle η (or η − pi) and then around the z axis
with rotation angle ζ.
Next we will show that for any initial state we can
drive it to the target state. An arbitrary initial state of
5the qubit can be expressed as,
ρˆS(a, 0) =
1
2
(I+ aT · σ), (28)
where I is the identity operator, a =
(|a| sin θ cosϕ, |a| sin θ sinϕ, |a| cos θ)T is a vector of
norm |a| in 3-dimensional real vector space R3, and
σ = (σˆx, σˆy , σˆz)
T is a vector with its components being
the Pauli operators σˆj (j = x, y, z). The fidelity between
the final state ρˆS(a, t) with initial state parameter a and
the target state |ψ〉target is
fS(a, t) =
√
target〈ψ|ρˆS(a, t)|ψ〉target. (29)
To quantify the universality of our feedback control
scheme, we suppose that the initial state of the qubit
system is unknown but |a| = 12 (see Eq. (28)). We define
FS(t) as an average fidelity over all the possible initial
states of Eq. (28) with |a| = 12 ,
FS(t) ≡
∫
fS(a, t)da, (30)
where da is the (normalized) Haar measure over the sur-
face of the sphere with radius |a|, and da = 14pi sin θdθdϕ.
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Fig. 1 The average fidelity as a function of the feedback
rotation angle η at ωct = 1 for R = 4, α = 0.05, ω0 = 0
and T = 0.
Following the calculation procedure shown in section
III, we can obtain the average fidelity numerically. From
numerical calculations we find that no matter what ini-
tial state the qubit is in, our MDFC scheme can drive
an unknown state to the given target state |ψ〉target =
cos η2 |0〉 + eiζ sin η2 |1〉 with high fidelity. In Fig. 1 we
plot the average fidelity as a function of η at ωct = 1.
When η = pi2 the average fidelity reaches its minimum
value, which means that preparing the superposition
state
√
2
2 (|0〉+ eiζ |1〉) is not as effective as preparing the
states |0〉 and |1〉. It is because that the dephasing noise
has no effect on the states |0〉 and |1〉, while it will bring
the superposition state
√
2
2 (|0〉 + eiζ |1〉) into a statisti-
cal mixture without the feedback control. It can be seen
from Fig. 1 that our MDFC scheme is very effective and
even for the state
√
2
2 (|0〉 + eiζ |1〉) the fidelity can still
be very high. In fact, our MDFC scheme is just to ro-
tate the two measurement bases to the same Bloch vector
corresponding to the target state. Through this method,
we can drive any initial state to the target state against
decoherence. It works more effectively than the optimal
feedback scheme based on weak measurement to protect a
known state presented in Ref. [38]. Our scheme does not
depend on the premeasurement state but on the postmea-
surement state, while the scheme presented in Ref. [38]
depends on both the postmeasurement and the premea-
surement states. Furthermore the final target state we
obtain is a stable one which means that as time evolves
the state of the system finally arrives at the target state.
It should be noted that the effect of our MDFC prepar-
ing scheme depends on the measurement rate R, i.e., the
higher the measurement rate, the purer the final state.
Besides, the purity of the final state is also influenced by
the coupling intensity α. The purity of the qubit ρˆS(a, t)
at time t is given by
pS(a, t) = Tr[ρˆ
2
S(a, t)], (31)
for a completely mixed state, pS(a, t) =
1
2 , and for a pure
state, pS(a, t) = 1. Without loss of generality we choose
a specific initial state and a specific target state as an
example to illustrate the influence of R and α. In Fig. 2,
we plot the purity as a function of the scaled time ωct
for different R and α, with the target state |ψ〉target =√
2
2 (|0〉+ |1〉) and the initial state parameters |a| = 12 , θ =
pi
3 , ϕ = 0. From Fig. 2, we can see that the greater the
value of the measurement rate R, the purer the state of
the qubit at fixed time t, and the faster the speed of the
purification. As we expected that the stronger coupling
between the qubit system and the environment makes
the purity lower than that of the weaker coupling.
0 2 4 6 8 10
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Fig. 2 (Color online) The purity as a function of the
scaled time ωct for (a) different measurement rate R (α =
0.05) and (b) different coupling strength α (R = 4). The
initial state parameters |a| = 1
2
, θ = pi
3
, ϕ = 0, and the
target state |ψ〉target =
√
2
2
(|0〉 + |1〉). Other parameters
are the same as that in Fig. 1.
6V. PROTECTING TWO NONORTHOGONAL
STATES
Next we consider two nonorthogonal states
|ψ±〉 = cos θ
2
|+〉 ± sin θ
2
|−〉 (32)
with |±〉 = 1√
2
(|0〉 ± |1〉). The corresponding density
matrices are given by ρˆ± = |ψ±〉〈ψ±|, and the overlap-
ping of the two nonorthogonal states is 〈ψ+|ψ−〉 = cos θ.
For our model we try to find a universal MDFC scheme
to protect both states from the dephasing environment,
i.e., without knowing which state the qubit is in, we will
attempt to undo the effect of noise.
As we have already known, for our quantum con-
trol scheme, any measurement that acquires information
about a system will inevitably disturb it uncontrollably.
In particular, it suggests that the use of weak measure-
ment could achieve balance between gaining information
and disturbing the original system. Weak measurements
have been studied by Aharonov et al. in the context of
postselection and the weak value [46, 47]. In this sec-
tion we specifically consider the following measurement
operators in our MDFC scheme,
Mˆz+ = cos
χ
2
|0〉〈0|+ sin χ
2
|1〉〈1| =
(
cos χ2 0
0 sin χ2
)
,
Mˆz− = sin
χ
2
|0〉〈0|+ cos χ
2
|1〉〈1| =
(
sin χ2 0
0 cos χ2
)
.
(33)
The strength of the measurement is adjustable, and it de-
pends on the choice of the parameter χ ∈ [0, pi/2]. cosχ
ranging from 0 (no measurement) to 1 (projective mea-
surement), and when 0 < cosχ < 1 it is called weak
measurement. Here in order to avoid misunderstanding
we emphasize that the weak measurement used in this
paper refers to Eq. (33) with 0 < cosχ < 1. This
weak measurement is also called unsharp measurement
and has been discussed in Refs. [35, 37–39, 43, 48, 49].
The experimental realization of the weak measurement
Eq. (33) was discussed theoretically in Ref. [49], and
it was shown that this kind of weak measurement can
be realized by coupling the system to a meter and per-
forming the usual projective measurements on the meter
only. The experimental implementation was realized re-
cently in a photonic architecture [37]. The required weak
measurement on the signal qubit (photon) is realized by
entangling it to another meter qubit (photon), and then
a full strength projective measurement is performed on
the meter qubit, which implements a measurement on the
signal qubit with a strength (ranging from do-nothing
cosχ = 0 to projective measurement cosχ = 1) deter-
mined by the input meter state. A measurement of this
kind can also be realized in nuclear magnetic resonance
by means of coupling the spin under consideration to
one of its neighbours [50]. Based on the measurement
outcomes z± of Eq. (33), we then perform correction ro-
tations Yˆ±η = exp(∓iησˆy/2) with an angle η around the
y axis of the Bloch sphere in a counterclockwise or clock-
wise way:
Yˆ±η = exp(∓ iησˆy
2
) =
(
cos η2 ∓ sin η2± sin η2 cos η2
)
. (34)
Without loss of generality, assuming an equal proba-
bility for sending either state |ψ+〉 or |ψ−〉, we consider
the average fidelity FS(t) between the input state and
the state at time t:
FS(t) =
1
2
√
〈ψ+|ρˆ+(t)|ψ+〉+ 1
2
√
〈ψ−|ρˆ−(t)|ψ−〉. (35)
For any given two nonorthogonal states from numeri-
cal calculations we can find the optimal MDFC schemes
for projective measurement and weak measurement, re-
spectively. As an example we consider that the two
nonorthogonal states are |ψ±〉 = cos pi12 |+〉 ± sin pi12 |−〉.
From numerical calculations we find that for projective
measurement, χ = 0, the optimal feedback rotation angle
is η = 1.3; for weak measurement, the optimal parame-
ters are: χ = 1.0 and η = 0.5. In Fig. 3 we plot the fi-
delity as a function of the scaled time ωct for three cases:
do-nothing; optimal MDFC scheme with projective mea-
surement; optimal MDFC scheme with weak measure-
ment. It can be seen from Fig. 3 that the fidelity improve-
ment by optimal MDFC scheme with weak measurement
is better than that of do-nothing, and surprisingly the
effect of the optimal MDFC scheme with projective mea-
surement is even worse than that of do-nothing. Our
results are consistent with the results in Refs. [35, 37],
where the fidelity improvements by weak measurement
also depend on the input states and the largest improve-
ment is only about 2.5%. And it is noted that although
we use Eq. (35) to obtain the optimal MDFC schemes,
the obtained optimal MDFC schemes are universal for
both nonorthogonal states. It is concluded that the opti-
mal MDFC scheme with weak measurement can protect
the initial state a little better than do-nothing, but most
MDFC schemes will accelerate the rate of the qubit away
from its initial state.
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 Do-Nothing
 =0
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Fig. 3 (Color online) The fidelity as a function of the
scaled time ωct. The optimal MDFC schemes for projec-
tive measurement with χ = 0 (red dot line), weak mea-
surement with χ = 1.0 (blue dash line) and without any
measurement and operation (black solid line). The initial
parameter is θ = pi
6
. R = 0.5, α = 0.05, ω0 = 0, T = 0.
7Previous works on quantum state protection using
quantum feedback control have focused on protocols for
known states and have not addressed the issue of protect-
ing unknown quantum states [51–53]. We have just dis-
cussed how to protect two nonorthogonal states against
dephasing noise by using appropriate MDFC scheme. In
this case we know what the two states are and we just
do not know which one is sent to us, and we have found
that the scheme with weak measurement is better than
that with projective measurement. Now we investigate
whether there exists a general effective MDFC scheme for
unknown quantum states. We assume that the protected
initial state of the system is an arbitrary pure state as
given in Eq. (28) with |a| = 1. The fidelity between an
initial state ρˆS(a, 0) ≡ |ψ(a, 0)〉〈ψ(a, 0)| with parameter
a and a final state ρˆS(a, t) can be defined similarly as
Eq. (29), that is, fS(a, t) =
√
〈ψ(a, 0)|ρˆS(a, t)|ψ(a, 0)〉,
measuring how much two states overlap with each other.
In general, the fidelity varies with the initial states, and if
not, the quantum feedback scheme is said to be universal.
We can also define the average fidelity FS(t) over all the
initial states with different θ and ϕ, |a| = 1 for definite
MDFC scheme as in Eq. (30) which quantifies on average
how well the feedback control scheme protect an unknown
pure state of the qubit system against decoherence. In
order to find a universal scheme to protect an unknown
quantum state, we calculate the average fidelity FS(t)
for three MDFC schemes, i.e., Lˆ
(S)
j = YˆjηMˆzj (j = ±),
Lˆ
(S)
j = YˆjηMˆxj and Lˆ
(S)
j = ZˆjηMˆxj, where
Mˆx± = cos
χ
2
|±〉〈±|+ sin χ
2
|∓〉〈∓|, (36)
with |±〉 =
√
2
2 (|0〉 ± |1〉),
Zˆ±η = exp(∓ iησˆz
2
), (37)
and Mˆz± and Yˆ±η are the same as Eqs. (33, 34). From
numerical calculations we find that for all the three cases
the best schemes are do-nothing, and all the nontrivial
MDFC schemes will accelerate the rate of the qubit away
from its initial state. In one word we could not find a
general effective MDFC scheme to protect an unknown
state.
VI. PROTECTING A KIND OF MIXED STATES
COMPOSED OF TWO NONORTHOGONAL
STATES
If we know the qubit is in the two nonorthogonal
states |ψ+〉 and |ψ−〉, i.e., Eq. (32), with equal proba-
bility, we can describe the system by a density matrix
ρˆS(0) =
1
2 ρˆ+ +
1
2 ρˆ−. Now we discuss how to protect
this mixed state. Due to 〈0|ρˆS(0)|0〉 = 〈1|ρˆS(0)|1〉 = 12 ,
we choose the projective measurements Mˆ+ = |0〉〈0| and
Mˆ− = |1〉〈1|, and the corresponding feedback rotations
are Yˆ±η = exp(∓ iησˆy2 ). The fidelity between the initial
density matrix and the final density matrix ρˆS(t) is de-
fined as following:
FS(t) = tr
√√
ρˆS(0)ρˆS(t)
√
ρˆS(0). (38)
which is a measure of the effect for protecting the mixed
state ρˆS(0).
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Fig. 4 The fidelity FS(t) as a function of the feedback
rotation angle η and the scaled time ωct. The initial
parameter θ = pi
3
. R = 0.5, α = 0.05, ω0 = 0, T = 0.
From numerical calculations, we plot the fidelity FS(t)
as a function of the feedback rotation angle η and the
scaled time ωct, with the initial parameter θ =
pi
3 as
shown in Fig. 4. It is clear that as time evolves, the den-
sity matrix deviates from its original state without the
feedback (η = 0). But for some certain feedback angles
(η = pi6 and η =
5pi
6 ), the initial state of the qubit can be
protected perfectly. The relationship between the opti-
mal feedback angle ηopt and the initial state parameter θ
can be illustrated in Fig. 5. It is shown that the optimal
feedback angle ηopt and the initial state parameter θ sat-
isfy the relationship ηopt =
pi
2 ± θ which can be seen from
Fig. 5. Our MDFC scheme is like this: we first measure
the input state with the bases {|0〉, |1〉}, and the state of
the qubit will collapse into |0〉 or |1〉 with equal probabil-
ity, and then the correction feedback is just rotating the
two states |0〉 or |1〉 back to |ψ+〉 or |ψ−〉, respectively.
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Fig. 5 (Color online) The fidelity FS as a function of
the feedback rotation angle η at ωct = 1, for different θ.
θ = pi
2
(black solid line), θ = pi
3
(red dash line), θ = pi
4
(blue dot line), θ = pi
6
(olive dash dot line). R = 0.5, α =
0.05, ω0 = 0, T = 0.
8Now we consider a general input mixed state com-
posed of two nonorthogonal states ρˆS(0) = P+ρˆ++P−ρˆ−,
where P± > 0 and P+ + P− = 1. For this state we could
find a set of orthogonal measurements Mˆµ± = |±µ〉〈±µ|
(|+ µ〉 = cos µ2 |0〉+ sin µ2 |1〉; | − µ〉 = sin µ2 |0〉 − cos µ2 |1〉)
satisfying
〈±µ|ρˆS(0)| ± µ〉 = P±. (39)
After the measurement, the mixed state composed of two
nonorthogonal states is driven to the two bases | ± µ〉
with the probabilities P±. Based on the results “±µ”,
we perform the rotations U|±µ〉→|ψ±〉 to drive the density
matrix as close as to the input one. In one word by using
our MDFC scheme, we can perfectly stabilize a kind of
mixed states composed of two nonorthogonal states.
VII. SUMMARY AND DISCUSSION
In this paper, we have derived a general master equa-
tion in the Lindblad form describing the evolution of
an open quantum system subjected to a measurement-
based direct quantum feedback control (MDFC). As an
example, we have considered a two-level quantum sys-
tem interacting with a dephasing environment under
the MDFC. Different quantum feedback control schemes
strongly depend on the measuring schemes, and in this
paper we have considered a general measurement on the
qubit system described by a POVM. We have found that
by using proper MDFC scheme we can effectively drive
any initial pure or mixed state into an arbitrary given tar-
get pure state. It is noted that our scheme of preparing
a quantum state is not to prepare a particular state at a
given time but to prepare an arbitrary given target pure
state from any initial pure or mixed state and stabilize it
against decoherence. For the initial state prepared in one
of two nonorthogonal states we have found that the op-
timal feedback with weak measurement is more effective
to protect the system against decoherence than the one
with projective measurement and do-nothing, which is
consistent with the results of Refs. [35, 37]. But we have
not found a universal MDFC scheme to protect an un-
known initial state. Finally, we have demonstrated that
by using optimal MDFC scheme we can stabilize a kind
of known mixed states composed of two nonorthogonal
states against dephasing noise.
When we consider a quantum measurement, we usually
concern either obtaining information of the initial state
or the state after the measurement which is in general
unpredictable. Generally a protecting scheme concerns
more about the premeasurement state while a preparing
scheme concerns more about the postmeasurement state.
Our MDFC preparing scheme in Sec. IV belong to the
latter. We have found that for protecting a known state
driving directly to the target state like our MDFC prepar-
ing scheme works much better than the optimal weak
measurement scheme shown in [38], that concerns both
the premeasurement and the postmeasurement states.
Actually for a known state we only need to know the
postmeasurement state, because we have already known
precisely the protected state. For a universal MDFC
scheme to protect two known nonorthogonal states the
weak measurement-based MDFC scheme is better. In
this case although we know the two nonorthogonal states
completely but we do not know which one is sent to us.
So both the premeasurement state and the postmeasure-
ment state should be concerned, i.e., we should choose
weak measurements to achieve a balance between gain-
ing information and disturbing the original system. For a
given mixed state composed of two known nonorthogonal
states we can design a MDFC scheme based on projective
measurement to effectively protect it from the dephasing
environment. It can be concluded that if we know the ini-
tial state definitely, no matter mixed or pure, the MDFC
scheme based on projective measurement is much better,
and if we do not completely know the the state protected,
the MDFC scheme based on weak measurement is more
effective. In fact, it is very meaningful for protecting
an unknown state, but unfortunately from our study we
have not found a universal effective MDFC scheme to
protect an unknown state. We argue that this is rea-
sonable because we do not know any information about
the state of the qubit before the measurement, and after
measurement we just get parts of the information about
the state, and then we do not know how to do exactly.
Finally we discuss the feasibility of experimental real-
ization. The feedback control of quantum systems using
weak measurements have been realized experimentally
in a photonic architecture [37], and the MDFC scheme
proposed in this paper can be experimentally realized
similarly. In Ref. [37] a signal qubit which is encoded
in the polarization of single photon, passes through a de-
phasing noise channel, and the required variable-strength
measurement (including strong and weak measurement)
on the signal qubit is realized by entangling it to an-
other meter qubit (photon) using a nondeterministic lin-
ear optic controlled-Z (CZ) gate, and then a full strength
projective measurement on the meter qubit is performed.
This implements a measurement on the signal qubit with
a strength determined by the input meter state. And fi-
nally the outcome of the projective measurement deter-
mines the correction rotation on the signal qubit. For our
MDFC scheme we can send the output corrected signal
qubit back as the input qubit and begin a new process.
If this process is repeated continually, the corresponding
feedback control scheme is just our MDFC scheme, i.e.,
in this way our MDFC scheme can be realized experi-
mentally.
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